
Chapter 5

Preface to Curvature

5.8 Exercises

1

(a) Repeat the argument leading to Equation 5.1, but this time assume that only a fraction ε ă 1 of the

mass’s kinetic energy is converted into a photon.

If only a fraction ε of the energy is converted into a photon, then it will start with an energy of εpm `

mgh`O
`

v4
˘

, but once it reaches the top it should have an energy of εm, as it loses the component due to

gravitational potential energy. Thus

E1

E
“

εm

εpm`mgh`O
`

v4q
˘ “

m

m`mgh`Opv4q
“ 1´ gh`O

´

v4
¯

(b) Assume Equation 5.1 does not hold. Devise a perpetual motion device.

If we assume that the photon does not return to an energy m once it reaches the top, but instead has an

energy m1 ą m, then we could create the perpetual motion device shown in Figure 5.1. A black box consumes

the photon with energy m1, and splits it into a new object of mass m, and a photon of energy m1 ´m. The

object repeats the action of the original falling mass, creating an infinite loop.

2 Explain why a uniform gravitational field would not be able to create tides on Earth.

Tides depend on there being a gravitational field gradient. If the curvature closer to the source of the field

(e.g. the Moon) is greater than it is further away, then the closer side will move towards the source more

than the further side, thus creating tides. In the absense of such a gradient, there would be no difference in

curvature between the two sides, and thus they would not stretch relative to each other.

7 Calculate the components of Λα
1

β and Λµν1 for transformations px, yq Ø pr, θq.

¨

˝

∆r

∆θ

˛

‚“

¨

˝

Br{Bx Br{By

Bθ{Bx Bθ{By

˛

‚

¨

˝

∆x

∆y

˛

‚

¨

˝

∆x

∆y

˛

‚“

¨

˝

Bx{Br Bx{Bθ

By{Br By{Bθ

˛

‚

¨

˝

∆r

∆θ

˛

‚

1
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Figure 5.1: Problem 1: Perpetual motion device.

“

¨

˝

x{
a

x2 ` y2 y{
a

x2 ` y2

´y{px2 ` y2q x{px2 ` y2q

˛

‚

¨

˝

∆x

∆y

˛

‚ “

¨

˝

cos θ ´r sin θ

sin θ r cos θ

˛

‚

¨

˝

∆r

∆θ

˛

‚

“

¨

˝

cos θ sin θ

´p1{rq sin θ p1{rq cos θ

˛

‚

¨

˝

∆x

∆y

˛

‚ “

¨

˝

x{
a

x2 ` y2 ´y

y{
a

x2 ` y2 x

˛

‚

¨

˝

∆r

∆θ

˛

‚

Λrx “ x{
a

x2 ` y2 “ cos θ Λxr “ cos θ “ x{
a

x2 ` y2

Λry “ y{
a

x2 ` y2 “ sin θ Λyr “ sin θ “ y{
a

x2 ` y2

Λθx “ ´y{px
2 ` y2q “ ´p1{rq sin θ Λxθ “ ´r sin θ “ ´y

Λθy “ x{px2 ` y2q “ p1{rq cos θ Λyθ “ r cos θ “ x

8

(a) f ” x2` y2` 2xy, ~V Ñ
px,yq

px2` 3y, y2` 3xq, ~W Ñ
pr,θq

p1, 1q. Express f “ fpr, θq, and find the components

of ~V and ~W in a polar basis, as functions of r and θ.

f “ x2 ` y2 ` 2xy “ px` yq2
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“ pr cos θ ` r sin θq2 “ r2 sin2 θ ` r2 cos2 θ ` 2r2 sin θ cos θ

“ r2p1` sinp2θqq

~V Ñ
px,yq

¨

˝

r2 cos2 θ ` 3r sin θ

r2 sin2 θ ` 3r cos θ

˛

‚

~V Ñ
pr,θq

¨

˝

cos θ sin θ

´p1{rq sin θ p1{rq cos θ

˛

‚

¨

˝

r2 cos2 θ ` 3r sin θ

r2 sin2 θ ` 3r cos θ

˛

‚

Ñ
pr,θq

¨

˝

r2 cos2 θ ` 6r sin θ cos θ ` r2 sin3 θ

´r cos2 θ sin θ ´ 3 sin2 θ ` r sin2 θ cos θ ` 3 cos2 θ

˛

‚

Ñ
pr,θq

¨

˝

r2psin3 θ ` cos3 θq ` 6r sin θ cos θ

r sin θ cos θpsin θ ´ cos θq ` 3pcos2 θ ´ sin2 θq

˛

‚

Ñ
pr,θq

¨

˝

r2psin3 θ ` cos3 θq ` 3r sinp2θq

pr{2q sinp2θqpsin θ ´ cos θq ` 3 cosp2θq

˛

‚

~W Ñ
pr,θq

¨

˝

cos θ sin θ

´p1{rq sin θ p1{rq cos θ

˛

‚

¨

˝

1

1

˛

‚

Ñ
pr,θq

¨

˝

cos θ ` sin θ

p1{rqpcos θ ´ sin θq

˛

‚

(b) Express the components of d̃f in px, yq and obtain them in pr, θq by:

(i) using direct calculation in pr, θq:

d̃f Ñ
pr,θq

`

Bf{Br , Bf{Bθ
˘

“

´

2rp1` sinp2θqq, 2r2 cosp2θq
¯

(ii) transforming the components in px, yq:

d̃f Ñ
px,yq

`

Bf{Bx , Bf{By
˘

“
`

2px` yq, 2px` yq
˘

“
`

2rpcos θ ` sin θq, 2rpcos θ ` sin θq
˘

´

pd̃fqr pd̃fqθ

¯

“

´

1 1
¯

¨

˝

cos θ ´r sin θ

sin θ r cos θ

˛

‚

“

2rpcos θ ` sin θq
‰

“

´

2rpcos2 θ ` sin2 θ ` 2 sin θ cos θq 2r2pcos2 θ ´ sin2 θq
¯

“

´

2rp1` sinp2θqq 2r2 cosp2θq
¯

(c) Now find the pr, θq components of the one-forms Ṽ and W̃ associated with the vectors ~V and ~W by

(i) using the metric tensor in pr, θq:
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Vr “ grαV
α “ grrV

r ` grθV
θ

“ r2psin3 θ ` cos3 θq ` 3r sinp2θq

Vθ “ gθrV
r ` gθθV

θ “ p1{2qr3 sinp2θqpsin θ ´ cos θq ` 3r2 cosp2θq

Wr “ grαW
α “ grxW

x ` gryW
y

“ 1pcos θ ` sin θq ` 0
“

p1{rqpcos θ ´ sin θq
‰

“ cos θ ` sin θ

Wθ “ gθxW
x ` gθyW

y “

“ 0pcos θ ` sin θq ` r2
“

rpcos θ ´ sin θq
‰

“ rpcos θ ´ sin θq

(ii) using the metric tensor in px, yq and then doing a coordinate transformation:

Vx “ V x; Vy “ V y

Vr “ ΛαrVα “ ΛxrVx ` ΛyrVy

“ cos θVx ` sin θVy

“ r2 cos3 θ ` p3{2qr sinp2θq ` r2 sin3 θ ` p3{2qr sinp2θq

“ r2pcos3 θ ` sin3 θq ` 3r sinp2θq

Vθ “ ΛαθVα “ ΛxθVx ` ΛyθVy

“ p´r sin θqVx ` pr cos θqVy

“ ´r3 cos2 θ sin θ ´ 3r2 sin2 θ ` r3 sin2 θ cos θ ` 3r2 cos2 θ

“ r3 sin θ cos θpsin θ ´ cos θq ` 3r2pcos2 θ ´ sin2 θq

“ p1{2qr3 sinp2θqpsin θ ´ cos θq ` 3r2 cosp2θq

Wx “W x “Wy “W y “ 1

Wr “ ΛαrWα “ ΛxrWx ` ΛyrWy

“ cos θ ` sin θ

Wθ “ ΛαθWα “ ΛxθWx ` ΛyθWy

“ ´r sin θ ` r cos θ

“ rpcos θ ´ sin θq

11 Consider V Ñ
px,yq

px2 ` 3y, y2 ` 3xq.
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(a) Find V α,β in Cartesian coordinates.

V x,x “ 2x; V y,y “ 2y; V x,y “ V y,x “ 3.

(b)

V µ
1

;ν1 “ Λµ
1

αΛβν1V
α
,β

V r;r “ ΛrxΛxrV
x
,x ` ΛryΛyrV

y
,y ` ΛrxΛyrV

x
,y ` ΛryΛxrV

y
,x

“ pcos2 θqp2r cos θq ` psin2 θqp2r sin θq ` psin θ cos θqp3q ` psin θ cos θqp3q

“ 2rpcos3 θ ` sin3 θq ` 3 sinp2θq

V θ;θ “ ΛθxΛθrV
x
,x ` ΛθyΛθrV

y
,y ` ΛθxΛyθV

x
,y ` ΛθyΛθrV

y
,x

“ psin2 θqp2r cos θq ` pcos2 θqp2r sin θq ` p´ sin θ cos θqp3q ` p´ sin θ cos θqp3q

“ sinp2θqrrpsin θ ` cos θq ´ 3s

V r;θ “ ΛrxΛxθV
x
,x ` ΛryΛyθV

y
,y ` ΛrxΛyθV

x
,y ` ΛryΛxθV

y
,x

“ p´r sin θ cos θqp2r cos θq ` pr sin θ cos θqp2r sin θq ` pr cos2 θqp3q ` p´r sin2 θq

“ r2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θq

V θ;r “ ΛθxΛxrV
x
,x ` ΛθyΛyrV

y
,y ` ΛθxΛyrV

x
,y ` ΛθyΛxrV

y
,x

“ p´p1{rq sin θ cos θqp2r cos θq ` pp1{rq sin θ cos θqp2r sin θq ` p´p1{rq sin2 θqp3q ` pp1{rq cos2 θqp3q

“ sinp2θqpsin θ ´ cos θq `
3

r
cosp2θq

(c) compute V µ
1

;ν1 directly in polars using the Christoffel symbols.

Recall that we have Γµrr “ Γrrθ “ Γθθθ “ 0, Γθrθ “ 1{r, and Γrθθ “ ´r.

V µ
1

;ν1 “ V µ
1

,ν1 ` V
α1

Γµ
1

α1ν1

V r;r “ V r,r ` V
α1

Γrα1r

V r,r “ BV r{Br “ 2rpsin3 θ ` cos3 θq ` 3 sinp2θq

V αΓrαr “ V rΓrrr ` V
θΓrθr “ 0

V r;r “ V r,r “ 2rpsin3 θ ` cos3 θq ` 3 sinp2θq

V θ;θ “ V θ,θ ` V
α1

Γθα1θ

V θ,θ “ BV θ
M

Bθ “ pr{2q sinp2θqpsin θ ` cos θq ` r cosp2θqpsin θ ´ cos θq ´ 6 sinp2θq

V α
1

Γθα1θ “ V rΓθrθ ` V
θΓθθθ

“ rr2psin3 θ ` cos3 θq ` 3r sinp2θqsp1{rq

“ rpsin3 θ ` cos3 θq ` 3 sinp2θq
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V θ;θ “ sinp2θqrrpsin θ ` cos θq ´ 3s

V r;θ “ V r,θ ` V
rΓrrθ ` V

θΓrθθ

“ V r,θ ` V
θΓrθθ “ BV r{Bθ ´ rV θ

“ 6r cosp2θq ` p3{2qr2 sinp2θqpsin θ ´ cos θq ´ pp1{2qr2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θqq

“ r2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θq

V θ;r “ V θ,r ` V
rΓθrr ` V

θΓθθr “ V θ,r `
1

r
V θ

“ p1{2q sinp2θqpsin θ ´ cos θq ` p1{2q sinp2θqpsin θ ´ cos θq ` p3{rq cosp2θq

“ sinp2θqpsin θ ´ cos θq ` p3{rq cosp2θq

(d) Calculate the divergence using the results from part (a)

V α,α “ V x,x ` V
y
,y “ 2px` yq “ 2rpsin θ ` cos θq

(e) Calculate the divergence using the results from either part (b) or (c).

V µ
1

;µ1 “ V r;r ` V
θ
;θ

“ 2rpsin3 θ ` cos3 θq ` 3 sinp2θq ` sinp2θqrrpsin θ ` cos θq ´ 3s

“ 2rpsin θ ` cos θq

(f) Compute V µ
1

;µ1 using Equation 5.56.

V µ
1

;µ1 “
1

r

B

Br
prV rq `

B

Bθ
pV θq “ 2rpsin θ ` cos θq

12

p̃ Ñ
px,yq

px2 ` 3y, y2 ` 3xq.

(a) Find the components pα,β in Cartesian coordinates.

Since pα,β “ Bpα
L

Bxβ , it’s simply px,x “ 2x, py,y “ 2y, and px,y “ py,x “ 3.

(b) Find the components pµ1;ν1 in polar coordinates by using the transformation Λαµ1Λ
β
ν1pα,β .

pr;r “ pΛ
x
rq

2
px,x ` pΛ

y
rq

2
py,y ` 2ΛxrΛ

y
rpx,y

“ pcos2 θqp2r cos θq ` psin2 θqp2r sin θq ` 2psin θ cos θqp3q

“ 2rpsin3 θ ` cos3 θq ` 3 sinp2θq

pθ;θ “ pΛ
x
θq

2
px,x `

`

Λyθ
˘2
py,y ` 2ΛxθΛ

y
θpx,y

“ p´r sin θq2p2r cos θq ` pr cos θq2p2r sin θq ` 2p3p´r sin θqpr cos θqq

“ r2 sinp2θqprpsin θ ` cos θq ´ 3q
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pr;θ “ ΛxrΛ
x
θpx,x ` ΛyrΛ

y
θpy,y ` ΛxrΛ

y
θpx,y ` ΛyrΛ

x
θpy,x

“ p´r sin θ cos θqp2r cos θq ` pr sin θ cos θqp2r sin θq ` 3pr cos2 θ ´ r sin2 θq

“ r2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θq,

and by the symmetry of pα,β in Cartesian coordinates, pθ;r “ pr;θ.

(c) Now find pµ1;ν1 using the Christoffel symbols.

pr;r “ pr,r ´ prΓ
r
rr ´ pθΓ

θ
rr “ pr,r “ Bpr{Br

“ B{Br
”

r2pcos3 θ ` sin3 θq ` 3r sinp2θq
ı

“ 2rpsin3θ ` cos3 θq ` 3 sinp2θq

pθ;θ “ pθ,θ ´ prΓ
r
θθ ´ pθΓ

θ
θθ “ pθ,θ ` rpr “ Bpθ{Bθ

“ B{Bθ
”

p1{2qr3 sinp2θqpsin θ ´ cos θq ` 3r2 cosp2θq
ı

` r
”

r2pcos3 θ ` sin3 θq ` 3r sinp2θq
ı

“ r2 sinp2θq
“

rpsin θ ` cos θq ´ 3
‰

pr;θ “ pr,θ ´ prΓ
r
rθ ´ pθΓ

θ
rθ “ Bpr{Bθ ´ p1{rqpθ

“ r2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θq

pθ;r “ pθ,r ´ prΓ
r
θr ´ pθΓ

θ
θr “ Bpθ{Br ´ p1{rqpθ

“ r2 sinp2θqpsin θ ´ cos θq ` 3r cosp2θq

13 Show in polars that gµ1α1V α
1

;ν1 “ pµ1;ν1 .

grα1V α
1

;r “ grrV
r
;r ` grθV

θ
;r

“ 1V r;r “ pr;r

gθα1V α
1

;θ “ gθrV
r
;θ ` gθθV

θ
;θ

“ r2V θ;θ “ pθ;θ

grα1V α
1

;θ “ grrV
r
;θ ` grθV

θ
;θ

“ 1V r;θ “ pθ;r

gθα1V α
1

;r “ gθrV
r
;r ` gθθV

θ
;r

“ r2V θ;r “ pθ;r

14 Compute ∇βA
µν for the tensor A with components:

Arr “ r2, Arθ “ r sin θ,

Aθθ “ tan θ, Aθr “ r cos θ
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Arr,r “ 2r Arr,θ “ 0

Aθθ,r “ 0 Aθθ,θ “ sec2 θ

Arθ,r “ sin θ Arθ,θ “ r cos θ

Aθr,r “ cos θ Aθr,θ “ ´r sin θ

∇βA
µν “ Aµν,β `A

ανΓµαβ `A
µαΓναβ

∇rA
rr “ Arr,r `A

αrΓrαr `A
rαΓrαr

“ Arr,r `A
rrΓrrr `A

θrΓrθr `A
rrΓrrr `A

rθΓrθr

“ Arr,r “ 2r

∇θA
rr “ Arr,θ `A

αrΓrαθ `A
rαΓrαθ

“ Arr,θ `A
rrΓrrθ `A

θrΓrθθ `A
rrΓrrθ `A

rθΓrθθ

“ pAθr `ArθqΓrθθ “ ´r
2psin θ ` cos θq

∇rA
θθ “ Aθθ,r `A

αθΓθαr `A
θαΓθαr

“ Aθθ,r `A
rθΓθrr `A

θθΓθθr `A
θrΓθrr `A

θθΓθθr

“ 2AθθΓθθr “ p2{rq tan θ

∇θA
θθ “ Aθθ,θ `A

αθΓθαθ `A
θαΓθαθ

“ Aθθ,θ `A
rθΓθrθ `A

θθΓθθθ `A
θrΓθrθ `A

θθΓθθθ

“ Aθθ,θ ` pA
rθ `AθrqΓθrθ “ sin θ ` cos θ ` sec2 θ

∇rA
rθ “ Arθ,r `A

αθΓrαr `A
rαΓθαr

“ Arθ,r `A
rθΓrrr `A

θθΓrθr `A
rrΓθrr `A

rθΓθθr

“ Arθ,r `A
rθΓθθr “ 2 sin θ

∇θA
rθ “ Arθ,θ `A

αθΓrαθ `A
rαΓθαθ

“ Arθ,θ `A
rθΓrrθ `A

θθΓrθθ `A
rrΓθrθ `A

rθΓθθθ

“ Arθ,θ `A
θθΓrθθ `A

rrΓθrθ “ rp1` cos θ ´ tan θq

∇rA
θr “ Aθr,r `A

αrΓθαr `A
θαΓrαr

“ Aθr,r `A
rrΓθrr `A

θrΓθθr `A
θrΓrrr `A

θθΓrθr

“ Aθr,r `A
θrΓθθr “ 2 cos θ

∇θA
θr “ Aθr,θ `A

αrΓθαθ `A
θαΓrαθ

“ Aθr,θ `A
rrΓθrθ `A

θrΓθθθ `A
θrΓrrθ `A

θθΓrθθ

“ Aθr,θ `A
rrΓθrθ `A

θθΓrθθ “ ´r sin θ

15 Find the components of V α;β;γ for the vector V r “ 1, V θ “ 0.
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We start by finding the components of V α;β .

V α;β “ V α,β ` V
µΓαµβ .

By noting that V α,β “ V θ “ Γrrr “ Γrrθ “ 0, we can simplify this to

V α;β “ V rΓαrβ ,

which means

V r;r “ V r;θ “ V θ;r “ 0; V θ;θ “
1

r
.

Now we can say

V α;β;µ “∇µV
α
;β “ V α;β,µ ` V

γ
;β Γαγµ ´ V

α
;γ Γγβµ.

Note that V θ;θ is a function only of r, and so V θ;θ,r “ ´1{r2, and all other partial derivatives are zero.

We can also see by inspecting the components, that V r;µ;ν “ V θ;µ Γrθµ, as all other components go to zero.

Likewise, we can see that V θ;r;µ “ ´V
θ
;θ Γθrµ. It then becomes easy to find all the individual components.

I summarize their values in Table 5.1.

16 Repeat the steps leading from Equation 5.74 to 5.75.

Recalling that gαµ;β “ 0, we can rewrite Equation 5.72 as

gαβ,µ “ Γναµgνβ ` Γνβµgαν .

Now if we switch the β and µ indices, and then switch the α and β indices, we get two more equations,

gαµ,β “ Γναβgνµ ` Γνµβgαν ,

gβµ,α “ Γνβαgνµ ` Γνµαgβν .

Now we add the first two equations and subtract the third, getting

gαβ,µ ` gαµ,β ´ gβµ,α “ Γναµgνβ ` Γνβµgαν ` Γναβgνµ ` Γνµβgαν ´ Γνβαgνµ ´ Γνµαgβν

“ Γναµgβν ` Γνβµgαν ` Γναβgνµ ` Γνβµgαν ´ Γναβgνµ ´ Γναµgβν

α β µ V α;β;µ
θ θ θ 0
θ θ r ´1{r2

θ r θ ´1{r2

θ r r 0
r θ θ ´1
r θ r 0
r r θ 0
r r r 0

Table 5.1: Components of the tensor in Exercise 15.
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“ 2Γνβµgαν .

Recalling that gαγgαν “ gγν “ δγν , we divide both sides by 2 and multiply by gαγ , arriving at Equation

5.75:

1

2
gαγpgαβ,µ ` gαµ,β ´ gβµ,α “

2

2
gαγgανΓνβµ

“ Γνβµ

17 Show how V β,α and V µΓβυα transform under change of coordinates. Neither follows a tensor transfor-

mation law, but their sum does.

V α
1

,β1 “
BV α

1

Bxβ1 “ Λββ1

B

Bxβ

”

Λα
1

αV
α
ı

“ Γββ1

„

V α
B

Bxβ
Λα

1

α ` Λα
1

α

B

Bxβ
V α



“ Λββ1V
αΛα

1

α,β ` Λββ1Λ
α1

αV
α
,β

‰ Λββ1Λ
α1

αV
α
,β

B~eα1

Bxβ1 “ Λββ1

B

Bxβ
rΛαα1~eαs

“ Λββ1

„

Λαα1

B

Bxβ
~eα ` ~eα

B

Bxβ
Λαα1



“ Λββ1Λ
α
α1Γ

µ
αβ~eµ ` Λββ1Λ

α
α1,β ~eα

‰ Λββ1Λ
α
α1Γ

µ
αβ~eµ,

so we have shown that B~eα1

M

Bxβ
1

is not a tensor, and since V µ is a tensor, and the product of a tensor and

a non-tensor is also not a tensor, then V µΓβνα is not a tensor.

According to Carroll, the precise transformation is

Γν
1

µ1λ1 “ Λµµ1Λ
λ
λ1Λν

1

νΓνµλ ` Λµµ1Λ
λ
λ1Λν

1

µλ.

Now we add the two expressions, in order to show that it is a tensor equation

V ν
1

,λ1 ` V µ
1

Γν
1

µ1λ1 “ Λλλ1V νΛν
1

ν,λ ` Λλλ1Λν
1

νV
ν
,λ ` Λλλ1Λν

1

νV
µΓνµλ ` Λλλ1V νΛν

1

λ,µ

“ Λλλ1Λν
1

ν

´

V ν,λ ` V
µΓνµλ

¯

So it does in fact transform like a tensor equation, meaning V ν;λ is a tensor!

18

Verify Equation 5.78:

~eα̂ ¨ ~eβ̂ ” gα̂β̂ “ δα̂β̂

ω̃α̂ ¨ ω̃β̂ ” gα̂β̂ “ δα̂β̂

,

.

-
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For the basis vectors, we have

gr̂r̂ “ ~er̂ ¨ ~er̂ “ ~er ¨ ~er “ grr “ 1

gθ̂θ̂ “ ~eθ̂ ¨ ~eθ̂ “

ˆ

1

r
~eθ

˙

¨

ˆ

1

r
~eθ

˙

“
1

r2
p~eθ ¨ ~eθq “

1

r
grθ “ 1

gr̂θ̂ “ ~er̂ ¨ ~eθ̂ “ ~er ¨

ˆ

1

r
~eθ

˙

“
1

r
p~er ¨ ~eθq “

1

r
grθ “ 0

gθ̂r̂ “ gr̂θ̂ “ 0

So it is indeed true that gα̂β̂ “ δα̂β̂ .

Now for the basis one-forms, we have

gr̂r̂ “ ω̃r̂ ¨ ω̃r̂ “ d̃r ¨ d̃r “ grr “ 1

gθ̂θ̂ “ ω̃θ̂ ¨ ω̃θ̂ “ prd̃θq ¨ prd̃θq “ r2pd̃θ ¨ d̃θq “ r2gθθ “ r2p1{r2q “ 1

gr̂θ̂ “ ω̃r̂ ¨ ω̃θ̂ “ d̃r ¨ prd̃θq “ rpd̃r ¨ d̃θq “ rgrθ “ 0

gθ̂r̂ “ gr̂θ̂ “ 0

So it is indeed true that gα̂β̂ “ δα̂β̂ .

19 Repeat the calculations going from Equations 5.81 to 5.84, with d̃r and d̃θ as your bases. Show that they

form a coordinate basis.

d̃r “ cos θ dx` sin θ dy “
Bξ

Bx
d̃x`

Bξ

By
d̃y

Bξ

Bx
“ cos θ;

Bξ

By
“ sin θ

B

By

Bξ

Bx
“
B

Bx

Bξ

By
ùñ

B

By
px{rq “

B

Bx
py{rq,

which is true, so we have shown that at least d̃r may be part of a coordinate basis.

d̃θ “ ´
1

r
sin θd̃x`

1

r
cos θd̃y “

Bη

Bx
d̃x`

Bη

By
d̃y

Bη

Bx
“ ´

1

r
sin θ;

Bη

By
“

1

r
cos θ

B

By

Bη

Bx
“
B

Bx

Bη

By
ùñ

B

By

„

´
1

r
sin θ



“
B

Bx

„

1

r
cos θ



,

which is also true, and thus we have shown that d̃r and d̃θ form a coordinate basis.

20 For a non-coordinate basis t~eµu, let cαµν “∇~eµ~eν ´∇~eν~eµ. Use this in place of Equation 5.74 to derive

a more general expression for Equation 5.75.

c is antisymmetric w.r.t. its bottom indices.

cαµν~eα ` c
α
νµ~eα “ p∇~eµ~eν ´∇~eν~eµq ` p∇~eν~eµ ´∇~eµ~eνq “ 0
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ùñ cαµν~eα “ ´c
α
νµ~eα

ùñ cαµν “ ´c
α
νµ

Expanding the covariant derivatives in the original expression, we get

cαµν~eα “ ~eν;µ ´ ~eµ;ν

“ p~eν,µ ´ ~eαΓανµq ´ p~eµ,ν ´ ~eαΓαµνq

“ ~eαpΓ
α
µν ´ Γανµq

cαµν “ Γαµν ´ Γανµ

Now we recall the result from Exercise 16, but without assuming symmetry of the Christoffel symbols

gαβ,µ ` gαµ,β ´ gβµ,α “ Γναµgνβ ` Γνβµgαν ` Γναβgνµ ` Γνµβgαν ´ Γνβαgνµ ´ Γνµαgβν

“ Γναµgβν ` Γνβµgαν ` Γναβgνµ ` Γνµβgαν ´ Γνβαgνµ ´ Γνµαgβν

“ gβνpΓ
ν
αµ ´ Γνµαq ` gανpΓ

ν
βµ ` Γνµβq ` gνµpΓ

ν
αβ ´ Γνβαq

“ gβνc
ν
αµ ` gανpΓ

ν
βµ ` Γνµβ ` Γνβµ ´ Γνβµq ` gνµc

ν
αβ

“ gβνc
ν
αµ ` gνµc

ν
αβ ` gανp2Γνβµ ` c

ν
µβq

gνµ2gανΓνβµ “ gνµpgαβ,µ ` gαµ,β ´ gβµ,α ´ cβαµ ´ cµαβ ´ cαµβq

Γνβα “
1

2
gνµpgαβ,µ ` gαµ,β ´ gβµ,α ´ cβαµ ´ cµαβ ´ cαµβq

21 A uniformly accelerated observer has world line

tpλq “ a sinhλ, xpλq “ a coshλ

(a) Show that the spacelike line tangent to his world line (which is parameterized by λ) is orthogonal to the

line parameterized by a.

The line tangent to his world line is

~V Ñ
d

dλ
pt, xq “ pa coshλ, a sinhλq.

The line parameterized by a is

~W Ñ
d

da
pt, xq “ psinhλ, coshλq

If they are orthogonal, then their dot product must be zero

~V ¨ ~W “ ´pa coshλ sinhλq ` pa sinhλ coshλq “ 0,

which it is.

(b) To prove that this defines a valid coordinate transform from pλ, aq to pt, xq, we show that the determinant
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of the transformation matrix is non-zero.

det

¨

˝

Bt{Bλ Bt{Ba

Bx{Bλ Bx{Ba

˛

‚“
Bt

Bλ

Bx

Ba
´
Bt

Ba

Bx

Bλ

“ a cosh2 λ´ a sinh2 λ “ a

‰ 0,

and so it is indeed a valid coordinate transform.

To plot the curves parameterized by a, we take

´t2 ` x2 “ a2pcosh2 λ´ sinh2 λq

“ a2,

which gives us a family of space-like hyperbola, depending on the chosen value of a.

To plot the curves parameterized by λ, we take

x “ a coshλ ùñ a “ x{ coshλ

t “ a sinhλ “ x sinhλ{ coshλ “ x tanhλ,

which gives us a family of space-like lines, depending on the chosen value of λ.

A plot of these curves is given in Figure 5.2, from which it is clear that only half of the t–x plane is covered.

When |t| “ |x|, then a “ 0, since ´t2 ` x2 “ a2. We already found that the determinant of the coordinate

transformation is a, so this would make the determinant 0, making it singular.

(c) Find the metric tensor and Christoffel symbols in pλ, aq coordinates.

First we find the basis vectors:

~eλ “ apcoshλ~et ` sinhλ~exq,

~ea “ sinhλ~et ` coshλ~ex.

Now we find the components of the metric tensor g as

gλλ “ a2pcoshλ~et ` sinhλ~exq
2

“ a2pcosh2 ληtt ` sinh2 ληxx ` 2 sinhλ coshληtxq

“ a2psinh2 λ´ cosh2 λq

“ ´a2

gaa “ psinhλ~et ` coshλ~exq
2

“ sinh2 ληtt ` cosh2 ληxx ` 2 sinhλ coshληtx

“ 1
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x

t

Figure 5.2: Lines of constant λ and a in Problem 21.

gλa “ gaλ “ apcoshλ~et ` sinhλ~exqpsinhλ~et ` coshλ~exq

“ apcoshλ sinhλpηtt ` ηxxq ` 2 sinhλ coshληtxq

“ 0

g Ñ
pλ,aq

¨

˝

´a2 0

0 1

˛

‚

Now for the Christoffel symbols, since we know this is a coordinate basis, we can use

Γγβµ “
1

2
gαγpgαβ,µ ` gαµ,β ´ gβµ,αq

Γλλλ “
1

2
gαλpgαλ,λ ` gαλ,λ ´ gλλ,αq “

1

2
gaλp´gλλ,aq

“ 0

Γaaa “
1

2
gαapgαa,a ` gαa,a ´ gaa,αq

“ 0

Γλλa “
1

2
gαλpgαλ,a ` gαa,λ ´ gλa,αq “

1

2
gλλgλλ,a “

1

2
p´a´2qp´2aq

“ 1{a

Γaλa “
1

2
gαapgαλ,a ` gαa,λ ´ gλa,αq “

1

2
gλagλλ,a
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“ 0

Γλaa “
1

2
gαλpgαa,a ` gαa,a ´ gaa,αq

“ 0

Γaλλ “
1

2
gαapgαλ,λ ` gαλ,λ ´ gλλ,αq “

1

2
gaap´gλλ,aq “

1

2
¨ 2 ¨ a

“ a

22

Uα∇αV
β “W β ùñ UαV γ;α “W γ

ùñ gαβU
αV γ;α “ gγβW

γ

ùñ UαVβ;α “Wβ

ùñ Uα∇αVβ “Wβ


