Chapter 5

Preface to Curvature

5.8 Exercises

1

(a) Repeat the argument leading to Equation 5.1, but this time assume that only a fraction ¢ < 1 of the
mass’s kinetic energy is converted into a photon.

If only a fraction e of the energy is converted into a photon, then it will start with an energy of e(m +
mgh + (9(1)4)7 but once it reaches the top it should have an energy of em, as it loses the component due to

gravitational potential energy. Thus

E em m
— = = =1—gh+0O(v*
E  e(m+mgh+O(vY) m+mgh+ O(v?) e (v )

(b) Assume Equation 5.1 does not hold. Devise a perpetual motion device.

If we assume that the photon does not return to an energy m once it reaches the top, but instead has an
energy m’ > m, then we could create the perpetual motion device shown in Figure 5.1. A black box consumes
the photon with energy m’, and splits it into a new object of mass m, and a photon of energy m’ — m. The
object repeats the action of the original falling mass, creating an infinite loop.

2 Explain why a uniform gravitational field would not be able to create tides on Earth.

Tides depend on there being a gravitational field gradient. If the curvature closer to the source of the field
(e.g. the Moon) is greater than it is further away, then the closer side will move towards the source more
than the further side, thus creating tides. In the absense of such a gradient, there would be no difference in
curvature between the two sides, and thus they would not stretch relative to each other.

7 Calculate the components of Aa/ﬂ and A” , for transformations (z,y) < (r,6).

Ar or/ox  dr/oy \ [ Ax Az ox/or dx/d0 \ [ Ar
Al 00/ox  00/oy | \ Ay Ay dy/or  dy/o0 | \ A6
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Figure 5.1: Problem 1: Perpetual motion device.

/v /2?2 +y? y/a?+y?\ [ Az cos —rsind\ [ Ar
—y/(x® +y?) z/(@®> +y?) |\ Ay sin rcosf )\ Af
cos 0 sin @ Az z/v/x2+y? —y\[Ar
—(1/r)sin@ (1/r)cosf |\ Ay y/Ne2+y? oz [\AG
A", =x/A/2? + y? = cosO A®, = cos = x/r/x? + y?
A", =y/v/a? +y? =sind AV, =sinf = y/v/x% + y?
A = —y/(a? +9?) = —(1/r)sinf A%y = —rsinfh = —y
Aey = 2/(z* + y*) = (1/r) cos O ANy =rcost =z
8
(a) f = 2% +y? + 22y, V - (22 + 3y, y* + 3x), w (—;) (1,1). Express f = f(r,0), and find the components
x,y T,

of Vand W in a polar basis, as functions of r and 6.

f=2*+y*+ 20y = (v +y)*
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= (rcosf + rsinf)? = r?sin? @ + r? cos® 6 + 2r? sin 0 cos

= r%(1 + sin(26))

~ r2 cos? 6 + 3rsin 6
V —
(=.9) \ r2sin% 0 + 3r cosf
7 cos 0 sin 6 r2 cos? 6 + 3rsin b

(r6) \ —(1/r)sin® (1/r)cosf ) \r?sin®6 + 3rcos
72 cos? @ + 67 sin f cos § + r2 sin® 6
(r8) \ —rcos2@sind — 3sin? 6 + rsin® 6 cosf + 3cos2 0
72(sin® 6 + cos® @) + 67 sin 6 cos O
(r.8) \ rsin @ cos O(sin 6 — cos #) + 3(cos? § — sin? 9))
72(sin® @ + cos® 6) + 3rsin(26)
() (r/2) sin(26)(sin 6 — cos ) + 3 Cos(29))

. cos sin 0 1
W —
0 \ —(1/r)sin@ (1/r)cosf)\1

cos 0 + sin 6
(0 \ (1/r)(cos § — sin )

(b) Express the components of df in (x,y) and obtain them in (r,6) by:

(i) using direct calculation in (r,0):

df o (ofjor , of/26) = (27"(1 + sin(26)), 202 COS(%)))

(ii) transforming the components in (z,y):

df (_>) (0ffox , of Joy) = (2(z + y),2(z +y)) = (2r(cosd + sinb), 2r(cos 6 + sind))
z,y

((af)r (af)g):(l 1) cosf —rsinf [27(cos 6 + sin )]

sinf rcosf
= (21"(cos2 0 +sin? @ + 2sinf cos @)  2r%(cos? § — sin? 0))
= (2r(1 +sin(26)) 2r2 cos(29))

(¢) Now find the (r, ) components of the one-forms V and W associated with the vectors V and W by

(i) using the metric tensor in (r, 6):
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Ve = graV® = g1 V" + groV°
= 72(sin® @ + cos® 0) + 3rsin(26)

Vo = gor V" + 9oV = (1/2)r3 sin(26)(sin  — cos 0) + 3r2 cos(26)

Wy = gra W = graW® + gy WY
= 1(cos @ + sin @) + 0[(1/7)(cos  — sin6)]
= cosf +sinf

Wo = goa W™ + go,W¥ =
= 0(cos @ + sin @) + r?[r(cos 6 — sin6)]

= r(cosf — sin )

(ii) using the metric tensor in (z,y) and then doing a coordinate transformation:

V.=V V,=VV
Ve =A%V, = A"V, +AYV,
= cos OV, + sinV,,
=12 cos® 0 + (3/2)rsin(26) + r? sin® 6 + (3/2)r sin(20)
= 72(cos®  + sin® @) + 3rsin(26)
Vo = A%V, = A%, V, + A%,V
= (—rsind)V, + (rcos )V,
= —r3cos? Osin O — 3r?sin® 6 + r® sin 0 cos 0 + 3r% cos? 0

= 73 sin 0 cos O(sin @ — cos 0) + 3r*(cos? O — sin” 0)

(1/2)r> sin(26)(sin @ — cos 6) + 3r% cos(26)
Wy=W*=W, =W¥=1
W, = A* W, = A" W, + AY W,
= cosf +sinf
Wy = AW, = A* W, + AY )W,
= —rsinf + rcosf

= r(cosf — sin )

11 Consider V (—>) (22 + 3y, y* + 3x).
T,y
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(a) Find V', in Cartesian coordinates.

T
Ve,

=2z; VY =2y V' =VY

Ve, = A AV
VT = AT ATV, £ AT AN VY AT A VR AT AT VY,
= (cos? 0)(2r cos 0) + (sin? 0)(2rsin ) + (sin 6 cos 0)(3) + (sin 6 cos 0)(3)
= 2r(cos® 0 + sin® 0) + 3sin(26)
VO =N A Ve + AP N VY AP AV VT A NG VY,
= (sin? 0)(2r cos 0) + (cos® 0)(2rsin ) + (—sin b cos 0)(3) + (—sin @ cos 0)(3)
= sin(20)[r(sin 6 + cos 0) — 3]
V7 = AT ATV, + AT AV VY + AT A VT AT ATV,
= (—rsin® cos0)(2r cosf) + (rsinf cos §)(2rsin ) + (r cos? 0)(3) + (—rsin’ )
= 7?2 5in(26)(sin @ — cos @) + 3r cos(26)
= ALAT VT A A VY A AV VT A AT VY,
= (—(1/r)sin@cos §)(2r cos ) + ((1/r)sin b cos 0)(2rsin @) + (—(1/r)sin®0)(3) + ((1/r) cos? #)(3)

= sin(20)(sin 6 — cos ) + 3 cos(20)
r

(¢c) compute V“:V, directly in polars using the Christoffel symbols.

Recall that we have T =T7 , =T1%,=0,T% , =1/r, and I, = —7.

Ve, = Ve veTr
Veo= VT, VT,
V', =ov'jor = 2r(sin® 6 4 cos® ) + 3sin(26)
Verr,, =V + VT, =0

Vi, =V, =2r(sin® 0 + cos® §) + 3sin(26)

Vi =V +veTl,,

Vi =ov? / 00 = (r/2)sin(26)(sin 6 + cos §) + r cos(26)(sin 6 — cos 6) — 6 sin(26)

vere , =vrre , +vere,

= [r2(sin® O + cos® 0) + 3rsin(20)](1/r)

= 7(sin® @ + cos® 0) + 3sin(26)
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V% = sin(20)[r(sin + cos @) — 3]
Vig =V + VT4 + VI,
=V +VT7yy = 0V7 /00 —rV*®
= 67 cos(20) + (3/2)r? sin(20)(sin @ — cos 0) — ((1/2)r? sin(26)(sin 6 — cos §) + 3r cos(20))
= r?5in(26)(sin § — cos @) + 3r cos(26)
L e R R A %V"
= (1/2) sin(20)(sin 6 — cos #) + (1/2) sin(20)(sin & — cos B) + (3/r) cos(26)

= sin(260)(sin @ — cos 0) + (3/r) cos(20)
(d) Calculate the divergence using the results from part (a)

«

Ve, =V, + VY, =2(x+y)=2r(sinf + cos6)
(e) Calculate the divergence using the results from either part (b) or (c).

Ve =V + VY
= 2r(sin® 0 + cos® 0) + 3sin(20) + sin(26)[r(sin 6 + cos ) — 3]

= 2r(sin@ + cos )

(f) Compute V“:M, using Equation 5.56.

’ 1 a a
i _ - Y T - 0\ __ :
V g —rar(’l“[/ )-l—ae([/ )—27“(51119—!—(;089)

12

p — (x2 + 3y, 9% + 3x).
(z,y)

(a) Find the components p, g in Cartesian coordinates.
Since pa,g = 6pa/8z5, it’s simply py » = 22, py,y = 2y, and Py y = Dy = 3.

(b) Find the components p, ., in polar coordinates by using the transformation A® H,Aﬁ Do B

Prir = (A7) Pa + (M) py y + 207, MY, iy
= (cos? 0)(2r cos 0) + (sin® 0)(2r sin §) + 2(sin O cos 0)(3)
= 2r(sin® 0 + cos® ) + 3sin(26)

Doo = (Ame)me,z + (Aye)zpy,y + 2079 A gDy

= (—rsinf)?(2r cos ) + (r cos 0)*(2rsin 0) + 2(3(—rsin O)(r cos )

72 sin(20) (r(sin 6 + cos ) — 3)
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Prio = A A ppoo + AV Ay + AN gpay + AV AT gy o
= (—rsinf cos 0)(2r cos #) + (rsin @ cos §)(2rsin §) + 3(r cos® § — rsin® §)

= 72 5in(26) (sin  — cos @) + 3r cos(26),

and by the symmetry of p, g in Cartesian coordinates, pg,, = pr.g.

(c) Now find p,s,,» using the Christoffel symbols.

Prir = Pro = Pl = poL%p = pry = p/0r
= J/or [r2(0053 6 + sin® ) + 3r sin(29)] = 2r(sin®0 + cos® 0) + 3sin(20)
Po:0 = Po.o — Pl g9 — Pl %00 = Do + TPy = Opp/00
= 0/00 [(1/2)r3 sin(26)(sin 6 — cos §) + 312 cos(?@)] + r[r2(6053 6 + sin® ) + 3r sin(29)]
= r?sin(26)[r(sin 6 + cos §) — 3]
Prio = Dro =PI rg — Pl = Opr /00 — (1/r)po
= 72 5in(26)(sin 6 — cos #) + 3r cos(26)
Po:r = Por — P, — poT%,. = dpe/or — (1/7)pe
= 72 5in(26)(sin 6 — cos #) + 3r cos(26)

13 Show in polars that g/« VO‘:V, =Dy

GV = grV' + eV,
=1V, =ppr
900V = g0,V + ooV
= 7"2V9;9 = Poso
gra’Val;e = grrVT;Q + grevg;e
= 1V7;9 = DPo;r
960V = 90,V + gooV',

= 7”2V6;'r = Po;r
14 Compute V gA*¥ for the tensor A with components:

AT = 2 A" = rsiné,

)

A% — tang, A% = rcosf
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AT =2r A"y =0

A%’r =0 Aae’e = sec?

ATGT:sinG Areezrcosﬁ
Oor __ Or __ .

A°T = cosf A" g = —rsinf

VAR = AM 4 ASWTF oy ATV

VAT = AT 4 AYTT,, 4+ ATOTT,,
= AT 4 AT+ AerFrer +ATTTT, 4 Ararrer
= A, =2r

VoA = A7 5+ A%T7  + AT
— AT+ AT g+ APTT ) 4+ ATTTT 4+ ATTT,,
= (A% + A" gy = —r?(sin 6 + cos 0)

VA% = A% 4+ AMTO, + AT,

_ AGQ,T + Arererr + A99F907‘ + Aerrew + AOOFQGT
=2A%7°%, — (2/r)tand

VoA? = A% 4+ AT + A%°T?

_ A0979 + Ararere + AQGFO% + Aerrew + A09F009
= A(’o,a + (A" + AT ) = sinf + cos O + sec® 0

VA = AT 4 AT, 4+ ATOTY,,
= A"+ AT+ AYTT, + AT+ ATTY,
= A"+ ATT%, = 2sind

VoA™ = Ay + AT 5 + A™°TY
_ Areﬂ + Arerrre + AOGFr99 + A”Tere + Araraeg
= A7 4+ APT7 g + AT 4 = r(1 + cos 0 — tan 0)

VAT = AT+ AT 4 APTT,,
= A% 4 ATTY 4+ AT+ AT, 4 ATTT,
= Aer’r + AT, =2cosf

VoA = A 4+ AT 5 + A%°T7
_ Aerﬁ + Arrrew + AerF099 + Aerrrﬂg + Aaerree

= A@T’ﬂ + ATTFOTQ + A%FTW = —rsinf

15 Find the components of V% for the vector V" =1, Vo =o.
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We start by finding the components of V5 .
Vi = Vi + VI .
By noting that V%5 = Vo = I, =17, =0, we can simplify this to
Vi =V'T%g,

which means
Vi, =V, =Vl =0, Vi = %
Now we can say
Vi = VuV% =V, + Vﬂéﬁ I = Vo Fvﬁu'

3

Note that V% is a function only of 7, and so Ve;(,’r = —1/r%, and all other partial derivatives are zero.

We can also see by inspecting the components, that V", ., = Vem I'", , as all other components go to zero.

O

Likewise, we can see that Vam w = —V“);‘9 F‘gw. It then becomes easy to find all the individual components.
I summarize their values in Table 5.1.
16 Repeat the steps leading from Equation 5.74 to 5.75.

Recalling that go,.s = 0, we can rewrite Equation 5.72 as
JoaB,p = Fyap,gl/ﬁ + FV,B,ugOél/'
Now if we switch the 8 and p indices, and then switch the a and 8 indices, we get two more equations,

Jau,p = Fyaﬁguu + Fyﬂﬁgowv

9Bu,a = ]-—Wﬁagl/,u + ]-—W;Lagﬁlw

Now we add the first two equations and subtract the third, getting

Gopu + Goup = 9pma = I apgus + 15,900 + 1705000 + T 900 =T gagun =T 10 9p0

= F’/(Y;lgﬂl/ + + IwozﬁgVH + - Futxﬁ’g’/u - Fuap,gﬁl’

Ve

a [ p B
0 0 0 0
0 0 r | —1/r
0 r 0| —1/r?
g r r 0
r 6 0 -1
r 6 r 0
r o r 6 0
ror T 0

Table 5.1: Components of the tensor in Exercise 15.
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= 2FVBNgOUJ'

Recalling that ¢*7g., = g7, = §7,, we divide both sides by 2 and multiply by ¢®7, arriving at Equation

5.75:

v v

1 2 ,
59" (9ap.n + Yo = Iopa = 5977 9ar gy

_ 1TV
_Fﬁu

17 Show how V‘fa and V#T#  transform under change of coordinates. Neither follows a tensor transfor-

mation law, but their sum does.

Ot/ ava’ ﬁ a Oé’ (e
Ve 4 = =A 63,8 [A % ]
0 , r 0
_18 a Y jsa o Y vra
_FB,[V axﬂA ot A aaxﬂv]

= AL VN 5+ AP LAY VO,

B pAd' yra
# A% A Ve

0€y 3 0 tha =
oxP 7 B oxP (A%l
0 0
_ AB a = > @
=A 5 [A a,—axﬁea + ea—axﬁ/\ a/]

= AﬁB/Aaa/F#aBé;L + ABBIAaa/7ﬁ€;

# N A T L6,

so we have shown that de, / 0z% is not a tensor, and since V* is a tensor, and the product of a tensor and

a non-tensor is also not a tensor, then V#T'?  is not a tensor.

vo

According to Carroll, the precise transformation is
FUIH/)\/ = A#M/A)\)\/AVIDFVH)\ Jr AuM/A)\)\/AV/'uA.
Now we add the two expressions, in order to show that it is a tensor equation

VV:)\/ + VM/FVIH/)\/ = AA)\/VVAV/V’)\ + AA)\/AV/VVV’)\ + AA)\/AV/VVHFVH)\ + A)\/\/VVADI)\’M

= A (V) + VAT,

So it does in fact transform like a tensor equation, meaning V", is a tensor!
18
Verify Equation 5.78:
€a €5 =9ap = ap
0% o = goPf = 5§98
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For the basis vectors, we have

g = €p " €p = €p - €r = gpr =1
LS 1, 1, 1., 1
966 = €5 €5 = <r69> : <r69) = 72(69 €p) = —gro =1
Lo o (L L.
gfé_e’f'eé_e’r'(r 0>_r(€r'69) “9re =

997 = 979 =0

So it is indeed true that 9ap = (5&3.

Now for the basis one-forms, we have
G =" @ =dr-dr=g¢" =1
¢ =& &0 = (rd6) - (rd0) = r2(d6 - dB) = r2¢% = r2(1/r?) = 1

gfé o0 =dr- (7"(?10) = r(ar . 39) =rg"" =0

So it is indeed true that g&f@ = 548,
19 Repeat the calculations going from Equations 5.81 to 5.84, with dr and d6 as your bases. Show that they

form a coordinate basis.

aTICOSQdQZ+SiH0dy= g&aﬂrg&y
ox oy
o5 o6
p = cosf; 3 = sinf
00§ 0 0 0 B i

which is true, so we have shown that at least dr may be part of a coordinate basis.

dg = ! sin Odx + 1cos9c~1y = a—n&x + a—nay
r r ox oy
@zflsi 0; @zlcosﬁ
or r y T
Jdadn 0 0dn 0 1. _d 1
Jyor 5 dy = ay[—rsm9] = &x[TCOSQ],

which is also true, and thus we have shown that dr and d form a coordinate basis.
20 For a non-coordinate basis {€},}, let ¢*,, = Vg, €, — Vg, é),. Use this in place of Equation 5.74 to derive
a more general expression for Equation 5.75.

c is antisymmetric w.r.t. its bottom indices.
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(67 g (6% g
= ¢ ,,€a €y puCa
(o _
Cuw = TC

Expanding the covariant derivatives in the original expression, we get

o = — -
Cupa = Cusp — Cpp

= (€u — €al'"),) = (Eup — €al'”,,)
= é’a (Fauy - Fauu)
Caw = Fa;w - Favu

Now we recall the result from Exercise 16, but without assuming symmetry of the Christoffel symbols

Joppu + Japp = e = U ou9vs + T 5,900 + T 0590 + T ug90r — T g0 Gup — T 10 9p0
=T"0980 + + T 5 Gun + — T g0 9vn = T” 450
= gﬁ”(ryau o Iwua) + gm’(lwﬂu + Fuuﬂ) + gvu(rya,@ B F”Ba)
= 980 ap + 9o (T 5, + T 5 + T3, = T75,) + guuc’ g
= 980 ap + Gou ap + 9o (2T g, + ¢ 1)

972901 3, = 9" (9ap.u + Gop.8 — 9pu.a — Chap — Cuap — Capp)

y 1
[, = §gyu(gaﬁ,u + Yau,p — 9Bua — Chap — CuaB — Capp)
21 A uniformly accelerated observer has world line
t(A) = asinh A, z(\) = acosh A

(a) Show that the spacelike line tangent to his world line (which is parameterized by ) is orthogonal to the
line parameterized by a.

The line tangent to his world line is

— d
V- a(taz) = (acosh A\, asinh \).

The line parameterized by a is

W — (f—a(t,x) = (sinh A, cosh \)

If they are orthogonal, then their dot product must be zero

V- W = —(acosh Asinh \) + (asinh A cosh \) = 0,

which it is.

(b) To prove that this defines a valid coordinate transform from (), a) to (¢, z), we show that the determinant
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of the transformation matrix is non-zero.

ot/oX  ot/oa | ot oz Ot 0w
ox/oN ox)oa) 9A0a  OadX

= acosh? A\ — asinh? X\ = a

£0,

and so it is indeed a valid coordinate transform.

To plot the curves parameterized by a, we take

—1? + 22 = a®(cosh® X — sinh? \)

= a2’

which gives us a family of space-like hyperbola, depending on the chosen value of a.

To plot the curves parameterized by A, we take

x =acosh\ = a = x/cosh\

t = asinh A = xsinh A/ cosh A = z tanh )\,

which gives us a family of space-like lines, depending on the chosen value of A.

A plot of these curves is given in Figure 5.2, from which it is clear that only half of the t—x plane is covered.
When [t| = |z|, then a = 0, since —t? + 22 = a?. We already found that the determinant of the coordinate
transformation is a, so this would make the determinant 0, making it singular.

(¢c) Find the metric tensor and Christoffel symbols in (), a) coordinates.

First we find the basis vectors:

—

& = a(cosh A\é; + sinh \é,),

€, = sinh Aé; + cosh Aé;.
Now we find the components of the metric tensor g as

g = a*(cosh \é; + sinh A&, )?

a? (cosh2 M)y + sinh? A, + 2sinh A cosh Ay, )
= a®(sinh® X — cosh? \)
— g2

Jaa = (sinh A&; + cosh \&,)?
= sinh? My + cosh® A, + 2sinh A cosh Ay,

=1
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Figure 5.2: Lines of constant A and a in Problem 21.

Ira = Gax = a(cosh A& + sinh A\é,,)(sinh Aé; + cosh Aé;)

= a(cosh Asinh A(ny + 7ze) + 2 sinh A cosh Ay, )

Now for the Christoffel symbols, since we know this is a coordinate basis, we can use

1

[ = 590‘7(

9aBu + Gou,8 — 9pu.a)

1 1
F)‘,\,\ = §ga>‘(ga,\,,\ + Jorr — 9ara) = §9a)‘(—g>\,\,a)

=0
Te _ 1 aa( + o
aa 29 gaa,a gaa,a gaa,a)
=0

1 1 4,

1 _
FA)\a = iga)\(ga)\,a + Jaa,x — g)\a,a) = 59 9\\a = 5(704 2)(*2&)

=1/a

1 1
Fa)\a = igaa(gak,a + Goaa X — g)xa,a) = igAagA)\,a
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22

1-\)\

aa

a
F)\)\

=0
1
- 59
=0
1
- 59

=a

o (gaa,a + Yaa,a — gaa,a)

aa(

1
Garx T Garr — Gana) = 59‘”(—9,\,\,@) =

UV VP =WF — UV, =W
—— gaﬁUaV’{a =gryﬁW’y
= U"Vpia = Wp

— UV, Vs = W

1

Z.9.
2

a

15



